All rights reserved. Printed in Great Britain

J. Appl. Maths Mechs, Vol. 66, No. 2, pp. 283-295, 2002

© 2002 Elsevi i
@ Pergamon sevier Science Ltd
PII: S0021-8928(02)00035-7 0021-8928/02/$—see front matter

www.elsevier.com/locate/jappmathmech

THE ASYMPTOTIC SOLUTION OF
THE THREE-DIMENSIONAL PROBLEM
OF THE THEORY OF ELASTICITY FOR
PLATES OF INCOMPRESSIBLE MATERIALSY

L. A. AGALOVYAN, R. C. GEVORKYAN and A. V. SAAKYAN

Yerevan
e-mail: mechins@sci.am
(Received 30 July 2001)

The asymptotic form is established and recurrence formulae are derived for determining the stress-strain state of plates of
incompressible materials, when the kinematic conditions are specified on the face surfaces of the plate. By combining the solution
obtained with the solution of similar problems for plates of compressible materials, a solution of the boundary-value problem
for a three-layer plate with an incompressible middie layer is constructed when there is complete contact between the layers.
Examples are given which model, in particular, the operation of rubber-metal seismic isolators. © 2002 Elsevier Science Ltd.
All rights reserved. :

The asymptotic method [1-5] has been found to be effective for solving boundary-value problems of
the theory of elasticity for multilayered plates and shells, when the kinematic and mixed boundary
conditions are specified on their face surfaces (non-classical boundary-value problems of the theory of
plates). However, the recurrence formulae established in [1-5] for plates of compressible materials
contain a singularity in the case of incompressible materials, which makes them unsuitable for deter-
mining the stress—strain state of plates of incompressible materials.

1. SOLUTION OF THE INNER PROBLEM

We consider an isotropic thermoelastic thin plate of incompressible material, which occupies the region
Q={x,y,z: 0sx=<a, 0sy<b, —h=<zsh, h<l, I=min{q,b}}

It is required to determine the stress—strain state of the plate if the components of the displacement
vector

w(z=thy=ui(x,y), j=xyz (1.1)
are specified on the face surfaces, while one of the groups of classical boundary conditions of the theory
of elasticity is specified on the side surface. It is also assumed that there is a temperature field present
which is taken into account using the Duhamel-Neumann model.

To solve this boundary-value problem we change to dimensionless coordinates and dimensionless
displacements

=S"£(£=£), u=2x, v=-u[—y, w=-uf- (1.2)

in the equations of equilibrium of the three-dimensional problem of the theory of elasticity and
the elasticity relations, taking into account the temperature deformations and incompressibility of the
material.
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284 L. A. Agalovyan et al.

As a result we obtain the following system of equations, singularly perturbed by a small parameter €

30 Xy -1 aO' aO' aoyz -1 aO'
2y +€ =0 (xy &M, —FE+——+e —E£=0
o o ag & of an ag
Ju dv du Jv
G, =0,+2G|2—+—|-6Ga8 (x,y; &, wv), © =G(——+—J
( 3 &n) &n » =Yt
-1 au l ow . .
X°G O "% (x,y: &M wv) (1.3)

-1 ow du du -1 ow = 1 1
£ X (a§+an)+3a9 € 3 30[ 2(cxx+oyy)]+(xe
(the penultimate equation takes into account the incompressibility condition).

It is easy to verify that when the incompressibility condition and the remaining elasticity relations
are satisfied, the last of relations (1.3) is satisfied automatically, and hence it will not be considered in
what follows.

The solution of system (1.3) will be sought in the form of the asymptotic expansion

0=€""QENY, 5=0,8 (1.4)

where Q is any of the required quantities, x, represents the asymptotic order of the corresponding
quantity, ands = 0, § denotes that summation is carried out over the dummy index in the limits indicated.
The quantities ¥, must be chosen in such a way that, after substituting series (1.4) into system (1.3), a
consistent system in O is obtained. This is achieved only when

Xow =Xo,, Xo, =3 Xoy, =Xoy,, =Xoy =2 Xup =Xu, =~L X, =0 (1.5)

The asymptotic form (1.5) differs in principle from the asymptotic forms [1-5] obtained for strips
and plates of compressible materials in the case of both the classical and non-classical boundary-value
problem.

It is assumed that the contribution of the temperature field is commensurable with the contribution
of the surface forces, for which it is necessary that

8=¢"'"0E nL), s=0,§ (1.6)

Substituting expressions (1. 4) (1.6) into system (1.3), we obtain a consistent system of equations in
the expansion coefficients of Q. Its solution has the form

0y =05 & MW+0(E M. 0) (1.7)
au(s-2) av (s~2)
(s) (s) (5-2) .
o, =0, +2G| 2 + -6Go8 LY G i,

09 =G ou's "+8v“'”_ o = 6 & m) - C_Js_.’_o-(s)(g O oy &)
VST T ) TR oGt Gnh ik

© = PG W+~ ?;c‘,’z%) §2—a§—+ wE N oy &M ww)

s (s) July CZ 6(:) ao-(s)
_wo)(i n - C[ 3 —ano——)— [a@ + - 31’] +

3 aZ (s) 82 (s
+§G(—a?§‘9- an2 )+w(€; uxe!
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-2 (s—2)
) = [a"fé . 0 )dt;

= ol 9§ on
g | 9c') F Y 3% -
(:)‘ - G (=2 4 3 —600"2 Ly Em;
o g [—Lag + ((4—87;2 +81'|2 )u + 5Eom oB J dC (x,y; &m; uv)

S aws2 5 oul® w®
ul = [—6‘”. ————)d (xy;, &M wv), w=- (—‘—+——"——3a9(‘) d
How g o ent e ¢

where o)(;}), 0(2), 02}), ué’), vg) and wf)s) are as yet unknown functions of the integration, which will be
determined when satisfying the boundary conditions.

By satisfying conditions (1.1) and reverting to dimensional coordinates, we obtain the following
recurrence formulae for determining the components of the stress tensor and the displacement

vector
S o
R=73 R®(x,y,2)
s=0

(5) _ () (s)
Sz =0 (X, Y)+0_.(x.y7)

=2 Guls=D
o =0+ 20[2 aLsx__ + _‘%;—] -6Ga8"? (x,y)

(s-1) au(s—l) G Pt (s)
() Ju, y | @ () 4 () o
o, =6 —2—+—2—1|;, oY =—=U+0c" - X,
o ( dy ox * o ox (x.7)

(1.8)

(s)
) ), it 12 5 d0 T P
A TS U; +—2G(h z%) Fw u.(z==h) (x,5)

(s) _ ,,—(s) (s) _
u; =u,+u.

) _ e, — gy
. i w u. (z h)

@th? (U U @h-2)h+2)?
ox oy an®

—(z+ h)[-éa;(u;m ~uz=-m)+ %(u;m - u;’.’(z = —h))]

z ~2 (s~2)
o) = —} 905 " + 99 dz
z 0 ax ay

: [0 2D 2,0 ol 962
@ =] | =T+ G4+ T 432 L g dz (x,
0 (J)[ ox ( ox? ay’ oxdy ox e

< ou® o'y
I+
0\G * ox ox dy

: (s-2)
' =] (lc“). —é-uz———]dz (x,y), u?=-] Y —3a9“’]dz
* 0

U =l —u® ~uQ@=my+uz=-h) (x,y.2)

(s) au(s)
W =U® + h[g%c‘— + —5%—-} + 2h[éa;(u;‘” —uld(z=-h)+ a_a;(u;(” - u;s)(z = -h))}

uf(o) =ut uf(s) =0, s20 (x,y,2)

X
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where o) is the solution of Poisson’s equation

3% 9% 3G .,
906,90 " __3C (1.9)
ox? oy? 2h°

In particular, for the principal (zeroth) approximation we have

h
WO =yt —u; +h[5-(u )+ o (u +u )} 30 | 6%dz (1.10)
-h

Note that in the case of a plate of compressible material the solution of the inner problem with
boundary conditions (1.1) is completely determined after satisfying these conditions, and the conditions
on the side surface have no effect on this solution — they specify the boundary layer. This specific feature
of the solution was established for the first time for a strip in [6] and for plates in [2, 5, 7]. In this
connection note also paper [8]. For plates of incompressible material, as we will see, a different picture
has been obtained. Since the solution of the inner problem is expressed in terms of the solution of Eq.
(1.9), which will contain new arbitrary constants to be determined from the conditions on the side surface,
then, unlike the case of a compressible plate, the last conditions will naturally affect the solution of the
internal problem.

By determining the solution of Eq. (1.9), we can determine all the required quantities of the inner
problem for an arbitrary approximation of s from (1.8).

In certain cases, for example, when the functions specified on the face surfaces z = =*h, are
polynomials, the iterative process terminates abruptly and we arrive at a mathematically exact solution
of the equations for a layer.

In view of the singular perturbability of the initial boundary-value problem, it is impossible to use
the solution constructed to satisfy the boundary conditions at each point of the side surface of the plate.
To do this it is necessary to construct the boundary layer. The solution of the boundary layer is constructed
and matched with the solution of the inner problem in the well-known way [5, 9, 10].

2. SOLUTION OF THE BOUNDARY-LAYER PROBLEM

In order to construct a solution for the boundary layer, localized in the region of the edge x = 0, we
make a new replacement of variable r = &/e in Eqs (1.3), and the solution of the newly obtained system,
without retaining the temperature terms (they are taken into account in the solution of the inner
problem), will be sought in the form

ox =€ 6P(n, Oexp(-A), i k=1,2,3
2.1)

U, VW= U, VO, w)exp(-Ar), s=0,

where oy, U, V and W are the components of the stress tensor and the dimensionless displacement
vector of the boundary layer, respectively, and A is an as yet unknown number; Re A > 0 represents
the rate of attenuation of the values of the boundary layer with distance from the edge. Substituting
expressions (2.1) into the converted system (1.3), we obtain the following two subsystems for determining
the coefficients of the expansion (2.1).

30(23 ac(s—l) aU(s-l)

Aoty + —2- BC o L2 -0, o =-GAVD +GT— — 2
av(s) +aw(s—l) =-LG(J)
ac a'n G 23

s B o g, 8 B,

& oam % o
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(s-1) (s—1)
o}y =af + 20(—210‘” + 9—%}——] ofy =of} + 20[2 avan - XU"’J (23)
U 1 ELA avt-D
—— AW = —gl), AW+ o
P13 G " N

In system (2.2) the stresses can be expressed in terms of the displacements V'

aV(S) aw(.\‘—]) aU(s—l)

(s) (s) (s)

05 =G——+G , 0]y =-GAVY + G ——r 24
3 ac 811 12 arn ( )

while ¥ is found from the equation

alv(s) aU(s-I) _ azw(s—l) lao_(irz—l)

s PNV =R R AT e - S @5
The unknown quantities occurring in system (2.3) can be expressed in terms of W*
Gl a*w® W' - 5 G|aw® oW .
o = P‘[ Tl A o N o [t
s G|3w® oW " 5 G| o*w® .-
ng) = 'x—z[ a§3 +3Af2 ac + R§3 l)’ 0’{3) =—i' —552——“1.2”,(3) + R|(3 l)
1{aw® gyt
U(s) = x[""a—c—- + al'] (26)
_ 1 ao(s-l) G aSV(s—l) N N ye-b
Re-» L0 O RS = RED Lo
R LB GIOVED pa V] ey GV
A oon A ondg an onag
while to determine W from system (2.3) we have the equation
q
41/(s5) 2y(s)
J e 2 e +AMW) = gD
o g
27

(-t _ a4v(s—l) R aZV(s-l) —& azgisz—l) ey 80,(283—1)

v mag® " omat c[ anat Bn)

Relations (2.4) and Eq. (2.5) define the antiplace boundary layer, while (2.6) and (2.7) define the
plane boundary layer, i.e. the antiplane and plane boundary stress—strain states.

Whens = 0, the right-hand sides of Egs (2.5) and (2.7) vanish. Solving these homogeneous equations
and satisfying the homogeneous boundary conditions

U=0, W=0, V=0 when §==I (2.8)

corresponding to (1.1), we obtain two independent systems of homogeneous algebraic equations. From
the conditions of solvability of these systems (the principal determinants equal zero) we have the
following values for the index A and the solutions:

~ the symmetric problem (U, V, 614, 62;, 033, 01, are even functions, and W, 6,3, 0,3 are odd functions
with respect to {)

AL =(2n+ 1)%, VO = ¢, (m)cos2n+ 1)12‘-§, neN (2.9)
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sin2h, =2X,, W =C,(M)sinA,{-Ligh, cosA, L) (2.10)

where the subscript a denotes quantities for the antiplane boundary layer and the subscript p denotes
quantities for the plane boundary layer; a A, corresponds to each root A, of Eq. (2.10), and hence WISO)
will be real and will contain two unknown real functions of n;

- the skew-symmetric problem (U, V, 61, 622, 633, 612 are odd functions and W, 63, 6,3 are even
functions of {)

A =mn, VO=C, (n)sinang, neN (2.11)
sin2h, =-24,, WISO) = Cyp(M(Csin A L~ tgh, cosr L) (2.12)

The equations sin 2A,, = +2A,, have complex-conjugate roots; their values were derived earlier in [5].

When s > 0 we need to solve the inhomogeneous equations (2.5) and (2.7), in which case the solution
will depend on which of the calculated values A” or A, is taken as a basis. We need to consider two
cases. As a result we will have general solutions of the homogeneous equations of type O, and Q,,. If
we take A® as the basis of the calculations, it will follow from (2.6)—(2.8) that

©) _ w0 _ 0 _ (0 _ () _ ~(0) _
Uy" =W, =0y, =0%, =0j3, =033, =0 (2.13)

If we take )\P as the basis of the calculations, we will have
Vi =69, =ci), =0 (2.14)

For the approximations s > 0 the quantities occurring in formulae (2.13) and (2.14) are non-zero,
i.e. the basic antiplane boundary layer will be accompanied by the plane boundary layer, characterized
by the same exponential attenuation factor A* and vice versa.

Hence, the plane boundary layer and the antiplane boundary layer, for which the quantities have the
subscripts @ and p respectively, will be called accompanying boundary layers. Note that the quantities
for the accompanying boundary layers can be calculated directly if we know the quantities for the basic
boundary layers. Solving Eqs (2.5) and (2.7) for A = A” and A = A,,, for the approximations s > 0 we
will have

V(s) = VO(;) + Vl)(’s’) + Vt(:) + V,(;), W(s) — 0(;) + Wo(;) + M:) + M;) (2_15)

where the first two terms in each representation are general solutions of the homogeneous equations
(2.5) and (2.7), while the last two are particular solutions of inhomogeneous equations (2.5) and (2.7).
According to relations (2.9)—(2.12), on the right-hand sides of Eqs (2.5) and (2.7) there will be
trigonometric functions, and hence the determination of the particular solutions will not present any
major difficulty. By calculating V') and W and, from formula (2.6), U®), and satisfying conditions
(2.8), taking into account the data for the basic boundary layers (2.9)-(2.12), we obtain algebraic systems
in the unknowns in the solutions for the accompanying boundary layers (the solutions of the
homogeneous equations of the basic boundary layers identically satisfy (2.8)), whence these unknowns
are determined uniquely. As a result, we have the following solution for the boundary layers:

- the symmetric problem
vE = (m)cos(2n + I)EC +C cosA L+ VY, )= ___V,‘,f)
" 2 P i P cosh,

we) = C,(;)(n)(sin A,L-Ctgh,cosh D)+ ClP(M)sinA L+CUD G =1)cosA L+ WS  (2.16)

U = il—C{,‘,’(n)[()\.p —tgA,)cosA, L+LA tgh sinA L1+ C9(mycosA L+
p

+%‘l)— UG = 1)cosh L - A &sinA L)+ U, i my= (1" W

u
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Law® 1AW 1 aved g aneh
__.__*“_+_ 4 +— @ 4+ — [id
A, & A, A, on A, on

A, = (2n+1)-1-2t—; sin2A , =27Lp

Ud =

— the skew-symmetric problem

7(8)

(s) . (5) : 5) o (s) (s) _ *b
v = (T])sm1|:n§+C,(p sinA L+ V.., Gy, =-—=
P

W' = C,("p)(n)(c sinA,{—tgA, cosA 0+ (=D)"1EUS (€ = 1)sin mnl +
+(="' W cosrnl + W (2.17)

U = CMI+A, tgh,)sind, L +Th, cosh, L]+
n+l

+ 15— U19(C = 1)sin mal + TG cos ma)+ (~1)" W sinmal + UL
n

sin 2A, = =22,

Here

Vi =VQ+VE, VY =VPC=D+VE =D (V. W)

The remaining quantities are calculated from formulae (2.4) and (2.6).

In formulae (2.16) and (2.17) the functions C{)(n) and C§)(n) are real while C{)(n) and C$)n) are
complex. However, since there is a A, corresponding to each A, in the final analysis the expressions
for W and UY are real and contain two groups of real, for the present arbitrary, functions. In fact,

denoting the coefficient of C(lj))(n) in the expression for W by F,,, and that for U") by F,, and taking

1
Clym =14, =i )

we will have
CYmIsinA,L-Ggh, cosA Ll= AV Re F, + B Im F,

(2.18)
Cip Tk, =g, )c0sA, G + D, tgh, sink, L = A Re F, + B Im
P

Hence, the general solution for the antiplane boundary layer and the plane boundary layer contains
three groups of, for the present, arbitrary functions, and, as will be shown below, in combination with
the solution of the internal problem we can satisfy the three conditions on the side surface of the plate.

In view of the linearity and homogeneity of the equations and boundary conditions, the solution for
the boundary layer will also be e***Q%) + s””QI(f). The general solution of the problem can then be
written in the form

Q=0Q, +e*" Q) +£"°Q, s=0,N (2.19)

where (), is the solution of the inner problem, and y and p are, as yet unknown, integers, which must
be chosen so as to obtain a consistent process for satisfying the boundary conditions on the side surface
of the plate {5, 9, 10].

When writing solution (2.19), as usual, it was assumed that the quantities for the boundary layer,
constructed for x = 0, are negligibly small when x = g and vice versa. This imposes limits on the
longitudinal dimension of the plate a. Taking the values of the roots (2.9)—(2.12) into account, we have
in the symmetric problem
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T a a a
| —_— -.v,]’ 1 ——Rel, |= ——13. = 2.20
+exp( > h) +exp( . Re ,) 1+exp( h375) ] (2.20)
and in the skew-symmetric problem
l+exp(——h—)z 1, l+exp(—%2.ll)zl (2.21)

In concluding this section, we note that solutions for the boundary layers in the region of x = a and
= (0, b can be constructed in the same way. Data for these boundary layers can be obtained from the
data presented above by simple replacement of the variable.

3. MATCHING THE SOLUTION OF THE INNER PROBLEM
AND THE SOLUTION FOR THE BOUNDARY LAYER

Using the general solution in the form (2.19), we will describe a procedure for satisfying the boundary
conditions on the side surface. Suppose the side surface x = 0 is free. It is required to satisfy the following
conditions in the three-dimensional problem

Oy =0, =0, =0 when x=0 3.1

By expression (2.19) and the data presented in Sections 1 and 2, conditions (3.1) can be written in
the form

e 0l +eX ol +e4 ol =0
when x=0 (t=0)

-2+5 o(5) —l+5 (s) -1+ — .
e70y) +er ' aly, +e4 ! 0i), =0 (1.2;2.3)

The last conditions will be consistent, i.e. they will enable as to determine in succession quantities
both for the inner problem and for the boundary layers if y = p = -1. As a result we have

1 1
o +oii" +0{) =0; o) +olf,+0l9, =0 (7.22.3) when x=0(r=0) (3.2)

Taking relations (2.13) and (2.14) into account, we can write conditions (3.2) whens = 0
00 =0; ol +0{3, =0, ¥ +0{),=0 when x=0(¢=0) (3.3)

Since Eq. (1.9) is of the second order, the first of conditions (3.3) is sufficient to ﬁnd the solution of
the inner problem. After determining o from formulae (1.8) we find ofg) and 6'2. Consequently, to
determine the antiplane boundary layer we have the condition

oin(E=0)=-00(x=0) (3.4)

Using relations (2.4) and (2.9) or (2. 11) we find the arbitrary constant in the solution for the antiplane
boundary layer. Since 6;,’ =0, we have 0 =0. To determine the plane boundary layer one of the two
required conditions follows from conditions (3.3).

oi3) =-0P(x=0) when t=0 (3.5)

and the second condition is obtained when considering the approximation s = 1.
Taking relations (2.13) into account with s = 1 we have the conditions

ol +oi, =0, o) +ol), +0ly, =0 (7,z:2,3) when x=0(=0) (3.6)

In Eq. (1.9), W = 0, and it follows from formulae (1.8) that
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6l =0, 617 =0, of)=0
Consequently, the plane boundary layer is found from the conditions
o\, =0, o, =-cP(x=0) whent=0 (3.7)
From conditions (3.6) we also obtain the condition

o\ = —o‘,'z’,, - o‘,‘,’(x =0) when =0 (3.8)
for determining the antiplane boundary layer and one of the two conditions for the plane boundary
layer

of), =-ofy, when =0 (3.9)

In conditions (3.8) and (3.9) cﬁlz‘)p and 0%21 are known functions, like the quantities of the accompanying
boundary layers.

We can similarly combine the solutions for the approximations s > 1. Note that the procedure
described for combining the solutions holds both for the symmetric problem and for the antisymmetric
problem.

We will illustrate the procedure described using the following example of an applied nature, which
models the operation of a seismic isolator. Suppose the face surfaces of the plate are given constant
vertical displacements A

+

u; =u

<
i

=0, u; =FA (3.10)
The side surface is load-free, and the change in the temperature field 6 is constant.

According to formulae (1.8), 69 = ogg) = 09 = 6, while 6© is found from Eq. (1.9) with the
following right-hand side

_3G yo

3G
=5 WO =5 (8+30k0)

with the first boundary condition of (3.3).
The solution has the form

c®=0=- i Aym-120-18iN m(2m = Dx sin ™2y
m.n=1 ! a b
(3.11)
48G(A + 3h06) a2h?
AZm—l.Zn—] =

n*n’ Q2m-1)2n-D[2m-1)*b* +(2n-1)%*a?)

According to formulae (1.8), Gfg) = 0, and it follows from relations (2.4) and (2.9) that V¥ = 0, i.e.
0" = 0. Hence, the antiplane boundary layer can be neglected.
To determine the plane boundary layer we have the boundary conditions

o], =0 when r=0

nl, = . T(2n-1 (3.12)
0 =00 =0=-2¢ 5 Ay 0 @m=-Dsin X2V

m,n=1

Using relations (2.6), (2.10) and (2.18), satisfying these conditions, we determine the plane boundary
layer. Note that conditions (3.12) can only be satisfied approximately, for which we can use the boundary

collocation method, the method of least squares, etc.
Whens =1
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ol = o(l) o'l =Gftlz) =o =0, G(l) =h2(1- gz
¥ axay
(3.13)

(l) M, 0o
=u, =y, =0

At this stage the antiplane boundary layer is determined from condition (3.8) and relations (2.4) and
(2.16) by obvious operations.
Whens = 2

6@ = h(1- )2 32 2hG§2(A+30(I16) 6P =0 =0@ =0

(3.14)
U = u® = u® =0
To determine the boundary layers we have from (3.2) the conditions
1 I 2 1 | 2 2
of), =01, -~ (x=0), ofy =03, of},=-o0{}, when =0 (3.15)

On the right-hand sides of (3.15) there are known functions, but in practical applications it is hardly
necessary in calculations of higher approximations for the boundary layer.

When s = 3 we have Q = 0, and the process of determining the quantities of the internal problem
is terminated. Comblnlng all the approximations, we will have for the quantities of the inner problem

% 3G 3G
G =o+(h2-z2)-ax—2-2 22(A+3ak8) (x,y), ©, =o+mz2(A+3ahe)
52 3 (3.16)
=(p2 -, 2120 -2
Gry —(h Z )axay7 ze 4 ax (X,)’)
uy == (#2292 (x ), u; = 3208+ = (z ~3h%)(A +3046)
*72G ax Y

From the formulae obtained for the displacements we show in Fig. 1 the deformed state of the
incompressible plate. In view of the symmetry we only show a half of the plane.

This example models the operation of rubber—metallic seismic isolators [11-15]. It was also considered
earlier in [15] based on certain hypotheses and ignoring the temperature field; the solution obtained
in [15] naturally differs somewhat from the asymptotically exact solution (3.16).

4. THE SOLUTION OF THE INNER PROBLEM FOR A THREE-LAYER
PLATE WITH A MIDDLE INCOMPRESSIBLE LAYER

The general solution constructed above for an incompressible plate and the solution for a compressible
plate [22, 5] together enable us to obtain the stress—strain state of multilayered plates, some of the layers
of which are made of compressible material and the others of incompressible material. We will present
an algorithm of the solution and data for three-layer plates with a middle incompressible layer, but the
approach remains valid for multilayered plates also.
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Consider a three-layer plate, which occupies the volume
Q={,y,z0sx<sa,0sysb-~h-h,<z<h+ h, max{h, h,} < min{a, b}}

where the layers A, <z < h + h,, —h —h, < z < —h, are made of compressible material while the middle
layer —h, < z < h, is made of incompressible material.
The following kinematic conditions are given on the face surfaces of the plate

ujlz=*h+h)=ui(xy) j=xy (4.1)
The following complete contact conditions are satisfied between the layers

u;D(Z:he):uj(z:he)v 6(])(Z h ) GIZ(Z—h )
4.2)
uP(z=-h)=uf(z=~h,), o (z=-h)=0%(z=~h), j=xy.z

The temperature field is specified by the function 6(x, y, z).

Here and henceforth quantities relating to the first and third layers are given the superscripts (1)
and (3), while quantities relating to the middle layer are given the superscript e.

The components of the stress tensor and the displacement tensor are calculated for the incompressible
layer from formulae (1.4)—(1.7), while for the compressible layers they are calculated from formulae
derived previously in [2], and conditions (4.1) and (4.2) are satisfied directly. As a result we obtain an
iteration process for determining all the required quantities with an asymptotic accuracy specified in
advance. The method described above was also used to construct the boundary layer, but the calculations
and the final formulae are extremely lengthy, and hence we will only give the data for the inner problem
here.

If we confine ourselves to the first two steps of the iteration and introduce the notation

ut —u u; +u; : ?
==L, tf=t—L, j=xyz P=i"—, M=£, V2=_82_+62
2 2 G, G ax? " oy

then, for a three-layer plate with a constant change in the temperature field we will have:
— for the first (compressible) layerh, <z < h, + h

M _ M _ 0 __V 2(1+v) M -
o, =0, ou—oyy—mo v ———=Gab, o, =0
1 ot 1-2v v \do
0) P
ol = t;+h h + 4.3
“ P+M[ ax] (’ —v ¢ —v)ax (x.) (4.3)
u; M 1 ot 1-2v do

M _

M h-h —L+— h~h 1, +h—*1-h, — |+
“ —(- )8 - )I: M( ax) 1-v axj'

(x,y)

Mthth) -2 v @-h-h) 1-2v)30
h 2 1-v 4 ox

2"cs+(z h—h )‘-*-‘iae

ug')—u +(z—h- h)—

— for the middle (incompressible) layer -h, <z < h,

e

O

=0, Oy =0,,=0, 05, =0
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3
)]5% x,7) (4.4)

P (W2-zH[a o 4% or;
P=1 43200 - ——— S S X L gVt | T Yy
TR TIOE TP I oy T ey

Phe P ( h4V—|) 2
- +Ml h,+— V<o
[2 6h, “Ta=v )

— for the third (compressible) layer 41, < z < -, the solution is given by formulae which differ
from (4.3) only by replacing 4, by -4, and & + h, by (h + h,).
Here o is the solution of the equation

V26 - k%6 = -k*® (4.5)

Zh(e h4v—) 2Phe
1-v 4 1-v M

- a+
=M[: +hh, V] +h (aat d ] (3h, ,+h%—+—%a)e}

K==

M(@1-2v) dy

when x = 0 which integrally satisfies the free-edge conditions. This solution, when 8 = const, has the
form

- nmx
o= 3 Am,,sm——sm——+B
m,n=1 a b

-1
4k* 2 n? ab . Wmx . Tn
Amn p [:(—-) +(7) +k2:I ££ ((D—B)SIDTSIHTdedy (46)
_ 2h(1+Vv)GoB
hv+h,(1-V)

The deformed state of the three-layer plate is represented in Fig. 2.

The problem considered is, in particular, a model problem for designing rubber—metal seismic isolators
[15], and the accuracy assumed to obtain solution (4.3), (4.4), (4.6) is sufficient for practical calculations.

In conclusion we note that the asymptotic method employed also enables one to consider different
classes of problems for multilayered plates, including dynamic problems.
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